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Turbulent dispersion 

Same equations at high Reynolds and Peclet numbers ,  
Except very close to sources or boundaries 
[Saffman, JFM, 8 (1960)] 

:;,9#<=)'16,!""#$%&'#$()*+,$-&./#6,88,>?@@AB,

Turbulent dispersion 
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Turbulence, mixing and random walks 
•  Random walks 

•  White acceleration, 

  spectrum :  

•  Velocity spectrum, 

  dimensionally : 

)'*J*$#H,K)GL#G)$,=)',/#JM;,

N ,,,75H"',O,,,,,,,,,,3>,"6,.B,,,,6,,,,",,,,*$,,PQ)<,1)K#*$R,
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Euler & Lagrange 



 particle motions  

(volume fraction) 

(size) 
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turbulence mechanics 101 

#0+.'#F.,

•  /"F.5'",AO,,
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,%,U2",13$#K*F+,)=,.'#F"'+6,+*$JH",I#'GFH",+.#G+GF+;,

•  /"F.5'",?O,
,%,V++5"+,#$1,'"+5H.+,#++)F*#."1,<*.2,K5HGI#'GFH",
+.#G+GF+6,,
,%,U2",13$#K*F+,)=,*$"'G#H,I#'GFH"+O,+*W","X"F.+,
#$1,1"$+*.3,"X"F.+;,
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N,:;,9#<=)'16,!&-6,Y,Z,/#J'#$J*#$,L*"<,)=,.5'05H"$.,1*+I"'+*)$,#$1,K*T*$J,[6,
\#K0'*1J",/"F.5'",8)."+6,.),#II"#';,

N,&;,U)+F2*,#$1,7;,:)1"$+F2#.W;,/#J'#$J*#$,-')I"'G"+,)=,I#'GFH"+,*$,
U5'05H"$F";,Z$$,S"L;,&H5*1,]"F26,^A,I,_`a,>?@@bB,
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•  /"F.5'",?O,
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Experiments Gifford - Hanna 

8"5.'#H,0#HH))$+,c,d)IIH"','#1#',
% ,'#G),!,e,U/,f,U7,
% ,S",g,?a6@@@,
% ,+*W",AK_,
% ,+#KIH*$J,AhW6,A2,'5$+,

D*X)'16,-0"1/#$2&31/#$%&'#6,@86,?b_6,>AbaaB,
h#$$#6,4#$!55)#$-&1&0#6$AB6,?^?6,>AbiAB,

7/5>"B,g,"%?,

Experiments Lien D’Asaro 

&H)#."'+,*$,)F"#$,
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7/#>"B,g,"@,



Resolved Particle Tracking 

•    9F#H",'"+)H5G)$,O,L/# ! 10,000"

•    U*K",'"+)H5G)$,O,T/ $# ! 1,000"

•    /#0,"TI"'*K"$.,O L ! 10 cm - 100 cm"
" "        "  : T ! 0.1 s - 1 s"

,,,I*T"H,+*W",g,A@,kK,>8:O,K#T,A@?^?B,
,,,+#KIH",'#.",l,A@,jhW,

N ,,,d#.#,+*W",
"N = (L/#)2 (T/ $#) (10) ! 1012 = 1Tb / s,
"I"',L*1"),F2#$$"H,

&5HH3,1"L"H)II"1,.5'05H"$F"6,S%,g,A@@@,

−0.06
−0.04

−0.02
0

0.02
0.04

0.06

−0.08
−0.06

−0.04
−0.02
0

0.02
0.04

0.06

−0.08

−0.06

−0.04

−0.02

0

0.02

0.04

0.06

0.08

 

xy
 

z

|a
| [

m
/s

2 ]

5

10

15

20

25

Silicon-strip detectors 

-#'GFH"+,O,A@,µK,
-*F.5'"+,O,aA?,T,aA?,I*T"H+,
S#.",O,`@6@@@,*K#J"+,f,+"F,
S"F)'1,O,^@@@,*K#J"+,
S%,g,i@@,,

m).26,9#.3#$#'#3#$6,:)1"$+F2#.W6,7/89#$()*+,96,DB6,??ni6,>?@@@B,



Particle Tracking Velocimetry 
op6,]#$$6,4#$()*+,$-&./#6,EAA6,?@`6,>?@@@B,,
,,,,,,,,,,,,,,,FFG&?&+*6H7-%$++II+

PTV tracking issues  

 

N,9-77d, , , ,l,?a,@@@,=I+,

N,S7dC8dZ8\q ,,le,_,F#K"'#+,

N,/VDhU,, , , ,g,?@@,r,H#+"',

N,dZUZ , , ,T,D:,
, , , ,>MK)+.,)=,*.,5+"H"++,M,&-DZ,".,#H;B,

N,\Z/V:SZUVo8 ,I"'+I"FGL"6,M,

N,-So\799V8D, ,K*++*$J,+"JK"$.+,
, , , ,1"'*L#GL",)=,+*J$#H,



PTV tracking  

PTV tracking  



PTV tracking  
Z33#H#+)K#3#s5H#,".,#H;,7%:,JK,>?@@nB+

PTV tracking in clouds  
:)1"$+F2#.W,t5J+I*.W","TI"'*K"$.6,?@A@+



Doppler acoustic tracking 
Mordant, PhD thesis, ENS-Lyon, 2001 

Mordant, Metz, JFP, Michel, Rev Sci Inst 76 (2005) 

Signal processing  
])'1#$.6,]*F2"H6,-*$.)$6,4#$!.0*91#$;0.#$!<;,DDA6,A@i,>?@@?B;,



Measurments in VK flows 

Measurements in wind tunnel @ LEGI 
Qureshi, Bourgoin, Baudet, Cartellier, Gagne, PRL 99 (2007) 

Qureshi, Arrieta, Baudet, Cartellier, Gagne, Bourgoin, EPJ B 97, (2008) 



Extended Laser Doppler Velocimetry 

-],

#)K,

#)K,

\#H*0'#."1,<*'"6,A@@kK,

Volk, Verhille, Mordant, JFP, EPL 81, 34002 (2008)  

•  9F#p"'*$J,"45#G)$6,A+.,:)'$,#II')T,

up,I+,%,,F?vI+,e,%,,F?,&@1*L>5+@,T,'B,c,u.,>5;J'#1,I+@B,%,I+@,v>5;5+B,

•  &#'%w"H1+

I+F#p>S6,.B,g,I@,J>(B,],'I"'I>46,.B+

45#1'5I)H"6,=)'<#'1,
+F#p,#KIH*.51",%>^@,.),n@B1:,
d)IIH"',+2*x,

kinc

kscatt
q

Acoustic spectroscopy 
Lund & Rojas, PhyD, 37 (1989).  



"TI"'*K"$.,O,L)'."T,+.'"".,

•  I+F#p>S6,.B,g,I@,J>(B,],'I"'I>46,.B,

,Q)<O,Ce?n,FKf+,
,')1O,1e,_KK,

,0g,a;^,1,
, , , ,,

Baudet et al. PRL (1991) 
Brillant et al. EPJB 37 (2004),

.5'05H"$.,F#+F#1",,
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Gervais, Baudet & Gagne, Exp in Fluid, 42 (2007) 
Poulain et al., Flow, Turb. and Comb., 72 (2004),
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•  /"F.5'",?O,
,%,V++5"+,#$1,'"+5H.+,#++)F*#."1,<*.2,K5HGI#'GFH",
+.#G+GF+6,,
,%,U2",13$#K*F+,)=,*$"'G#H,I#'GFH"+O,+*W","X"F.+,
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Lagrangian velocity 
])'1#$.6,".,#H;,=47,C,>?@@^B,



velocity auto-correlation 

RL($) = <v(t)v(t+$)>/v2"

RL($) ! exp(- $ / TL)"

TL ! 22 ms (driving discs)"

Valid     $ ) [ 10 $# , 4 TL ]"

])'1#$.6,]".W6,]*F2"H6,-*$.)$6,7/89#$%&'#$:&>#6,@K6,?A^a@A6,>?@@AB,

q"5$J,y,-)I"6,Abib,

velocity auto-correlation 



Second order structure function 

D2
L($) = < (v(t+$)-v(t))2 >"

Kolmogorov ‘K41’"
dimensional argument"
(  [*]=m2/s3  )"

D2
L($)  = C0 * $+

C0 universal ‘constant’"
in ‘inertial range’"

1mm particle !0.25mm particle"
(*)Sawford 2-exp. fit !(o) Exponential fit"

])'1#$.6,]".W6,]*F2"H6,-*$.)$6,7/89#$%&'#$:&>#6,@K6,?A^a@A6,>?@@AB,

:*="'#H",".,#H;,-)&,?@,>?@@iB,

d89,S%,e,A`i6,?i^,
7z-O,S%,e,_a@6,nb@6,iAa,

Second order structure function 



Second order structure function 
8*F2)H#+,o5"HH"p",-2d,U2"+*+,>?@@nB,

X!
Y !
Z !

RL($) ! exp(- $ / TL)"

EL(") = v2 TL / (1+ TL
2
 "2)"

Kolmogorov"

EL(") = C0* "-2+

velocity spectrum 
Mordant, Metz, Michel, Pinton, Phys. Rev. Lett., 87, 214501, (2001) 

LA+



Lagrangian acceleration 
Mordant, Crawford, Bodenschatz, Physica D, 193, (2004)  

R% = 690"
<a2> = 85 m/s2"

Heisenberg-Yaglom scaling :  

Lagrangian acceleration 
Mordant, Crawford, Bodenschatz, Physica D, 193, (2004)  

R% = 690"
<a2> = 85 m/s2"

Heisenberg-Yaglom scaling :  



Heisenberg-Yaglom scaling 

lagrangian intermittency 

L>.c$B,{,L>.B,
$,g,.#+

L>.c$B,{,L>.B,
$,g,U/+

$,



lagrangian intermittency 
Mordant, Metz, Michel, Pinton, Phys. Rev. Lett., 87, 214501, (2001) 

lagrangian SF exponents 



lagrangian intermittency 

lagrangian SF exponents 
ICTR collaboration, Phys. Rev. Lett., 100 (2008) 



Euler vs. Lagrange 

!"2 ! 0.022      !L
2 ! 0.085      !L

2/ !"2 ! 3.7 ± 0.5"

];,:)'J#+#$7/+)#$?@3"9#$%08#$;0.#$:0",0"6,M8EA6,_`b6,>Abb_B,

Euler vs. Lagrange 
/;,\2"L*HH#'1,".,#H#$7%:6,JD,>?@@_B,

#$1,H"F.5'",03,/;,:*="'#H",



Euler vs. Lagrange 
o;,|#KI+6,S;,&'*"1'*F26,S;,D'#5"'6,$7%A,K@,>?@@iB,,

26,.,

"N26,.,

26,.%$+

Lagrangian acceleration 
Mordant, Delour, Leveque, Michel, Arnéodo, Pinton, J. Stat. Phys., 113, 701, (2002) 

92)'.%GK",F)''"H#G)$,=)',.2",#FF"H"'#G)$,1*'"FG)$,

/)$J%GK",F)''"#HG)$,=)',.2",#FF"H"'#G)$,K#J$*.51",



Correlation of velocity increments 
• ∆u$0(t) =  v(t+$0)-v(t)   -> !C(t)= < u$0(t’) u$0(t’+t) >t’"

DNS"
R%=75"

exp"
R%=740"

-%2"

<  log| u$0(t’)|  - < log| u$0| > )( log| u$0(t’+t)|  - < log| u$0| >t’ , -%2 log(t)"

A Lagrangian Random Walk 



MRW model 

stochastic equation for the velocity increments 

‘K41’ theory : -(t) is .-correlated noise,  

Model, from observations :  

G(t) : gaussian , white in time, and : 

Bacry, Delour, Muzy, Phys. Rev. E, 64, (2001). 

Langevin models of Lagrangian acceleration 
Aringazin & Mazhitov, Phys. Rev. E, 68, 026305, (2004) 

when L(t) is .-correlated Gaussian white noise 

QUESTION : statistics f(!) ? 

&>#Be%#,



Langevin models of Lagrangian acceleration 
Aringazin & Mazhitov, Phys. Rev. E, 68, 026305, (2004) 

•  f(!) : /-square distribution 

•  f(!) : log-normal distribution 

•  unifying concept : ! = !(u) 

•  !(u) = u2 : /2 

•  !(u) = exp(u) : log-normal 

•  associated Langevin eqn. 

•  link with Laval-Dubrulle-Nazarenko turbulence model 

+5KK#'3,A,

A;  U*K",#$1,+I#F",'"+)H5G)$,*+,#L#*H#0H";,

?;  |^A,.2")'3,e,'#$1)K,<#Hj,*$,L"H)F*.3,+I#F"6,=')K,/#J'#$J*#$,
L*"<I)*$.;,

_;  \)''"FG)$+,>L"'3,*KI)'.#$.,*$,."'K+,)=,=)'F"+B,F)''"+I)$1,
1),K"K)'3,"X"F.+;,
V$."J'#G$J,.2",+.#G+GF+,)=,=)'F",=')K,1*++*I#GL",.),*$."J'#H,
+F#H",*+,K)'",#F5'#.",.2#$,#+3KI.)GF,*$"'G#H,'#$J",
.2")'*"+;,Z+,5+5#H6,.2",1*}F5H.3,H*"+,*$,.2",.'"#.K"$.,)=,
I'"++5'";,
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pair dispersion 
op,y,]#$$,4(-6,EAA,>?@@@B,



pair dispersion 

S*F2#'1+)$,{o05j2)L,H#<,O,
>SoB,

:#.F2"H)',+K#HH,GK",H*K*.,O,
>:B,

>SoB,=)',.,ll,.@6,>:B,=)',.,~~,.@ , ,<*.2,.@,g,*%Af_,'@?f_,

$),*$."'K*p"$F3,F)''"FG)$+,"TI"F."1,=)',>SoB,
I)++*0H",F)''"FG)$,=)',>:B,

pair dispersion 
9$%2+*'-00+.'$+0&'&)+,,,

=)',.@,~~,.#6,'@,~~,#,O,"TI)$"$G#H,+"I#'#G)$,,

.2",I#'GF5H"+,$"L"',+"I#'#.",�,

9$%2+0-%>$+.'$+0&'&)+,++

*$1"I"$1"$.,K)G)$+,

OP+,+'@6,.@6,.#6,U/6,M;,K#$3,K#$3,+F#H"+,�,
,,,=)',#,H*K*."1,/#J'#$J*#$,+F#H",+"I#'#G)$;,,



pair dispersion 
9#<=)'1,".,#H;,7/89#$()*+,96,AB,>?@@nB,

@;a,~,J,~,A;?,,

pair dispersion 
:)5'J)*$,".,#H;,;.+&".&6,8DD,>?@@nB,



pair dispersion 
:"'J,".,#H;,7%A6,KE,>?@@nB,

pair dispersion 
:"'J,".,#H;,7%A6,KE,>?@@nB,

ZJ#*$6,#,F)$G$5)5+,1"+F'*IG)$,=')K,1*++*I#GL",.),*$."J'#H,+F#H",<)5H1,0",,
K)'","}F*"$.,.2#$,#+3KI.)GF,.2")'*"+;,



N > 2 : the geometry of turbulence 

8)$,H*$"#',8#L*"',9.)j"+,."'K,O,5;J'#1>5B,O,.'*#1*F,*$."'#FG)$+,

?A6,??6,?_,

A,

?,

_,

^,

tetrads 
A

?

_

^

d"w$",.2",_,L"F.)'+,O,,

05*H1,.2",K#.'*T,],e,&*s&*s6,,
<*.2,"*J"$L#H5"+,JA,l,J?,l,J_,6,.2"$,O,

.".'#2"1')$,+*W",O,,S?,e,JA,c,J?,c,J_,,



tetrads 
z5,".,#H;,=476,DB,>?@@iB,

.".'#2"1')$,+2#I",O, ,V*,e,J*fS?,

,, ,, , , ,VA,g,V?,ll,V_,O,I#$F#j",

, , , , ,VA,ll,V?,g,V_,O,$""1H",

tetrads 
z5,".,#H;,=476,DB,>?@@iB,

.".'#2"1')$,+2#I",O, ,V*,e,J*fS?,

,, ,, , , ,VA,g,V?,ll,V_,O,I#$F#j",

, , , , ,VA,ll,V?,g,V_,O,$""1H",



tetrads 
z5,".,#H;,=476,DB,>?@@iB,

more on tetrads … 
\2"'.j)L6,-5K*'6,92'#*$K#$6,,70(6,DD+>AbbbB,
-5K*'6,8#+)6$=476,DD+>?@A@B,,
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•  /"F.5'",?O,
,%,V++5"+,#$1,'"+5H.+,#++)F*#."1,<*.2,K5HGI#'GFH",
+.#G+GF+6,,
,%,U2",13$#K*F+,)=,*$"'G#H,I#'GFH"+O,+*W","X"F.+,
#$1,1"$+*.3,"X"F.+;,

])G)$6,<*.2,dÄ@+



Maxey, M. & Riley, J. 1983 Equation of motion of a small rigid sphere in a nonuniform flow. Phys. Fluids 26, 883-889, "
Gatignol, R. 1983 J. Mec. Theoric. Appl. 1, 143, and T. Auton, J. Fluid Mech. 183, 199 (1987), T. Auton et al., J. Fluid Mech. 197, 241 (1988)"

>%-1&$()+#%$**3%$+
4362-(/2+

9&*/63*+1%->+

-11$1+'-**+

Q&*)6%2+

0&H+

?# 

&)'F"+6,#.,S"I,,,,,@,

V1"$GwF#G)$,)=,F)$.'*05G)$+O,

% R%->O,,
Y,"#+3,[,05.,13$#K*F+,Ä,45#+*+.#GF,

% ,S&*)6%2+O,,
, ,U2)K#+6,70($Abb?Å,,
, ,]"*,4(-,Abb?,
, ,])'1#$.,".,#H;,A74B$?@@@,

% ,T&H+O,
,]#J$#51".,y,7#K"+,!""#$%&'#,?@@@Å,
,92"<,".,#H;,4(-$?@@n6,7%:$?@@n,
,L#$,8*"')I,".,#H;,4(-$?@@`,
,S#+."HH),".,#H;,4(-$?@@b,,,

U(+-+)3%430$()+567+V+

S).#G$J,1'5K,"TI;,

S*+*$J,0500H","TI;,

&)'F"+,



Bubbles 
Mordant, Pinton Eur. J. Phys. B, 18, (2000) 

0&H+

Bubbles  



Bubbles 
Shew, JFP, PRL 97, (2006) 

13$#K*F#H,45"+G)$++

%  #FF"H"'#G)$,>=)'F"B,L#'*#$F",
%  '"+I)$+",GK",
%  -d&,)=,Q5F.5#G)$+,

%, ,)'*"$.#G)$+,



RLAW8+
RLAW8+

Voth et al. (2002)+ Qureshi et al. (2007)+

Size effect / acc. variance 

Size effect / acc. variance 
Brown, Warhaft & Voth, PRL 103, 194501 (2009)  



Acceleration variance 
Romain Volk et al., preprint (2010) 

Acceleration variance 
Qureshi et al., EPJB  66 (2008)  



Acceleration variance 
Qureshi et al., EPJB  66 (2008)  

Response time, from <a(t)a(t+$)> 

&I,e,&=,



Grid flow 
Qureshi, Bourgoin, Baudet, Cartellier, Gagne, PRL 99, 184502 (2007)  

df#+

Grid flow 
Qureshi, Bourgoin, Baudet, Cartellier, Gagne, PRL 99, 184502 (2007)  

df#+



VK FLOW 
Brown, Warhaft & Voth, PRL 103, 194501 (2009)  

VK flow 



Evolution of acceleration flatness 
�an� ∼ �δDPn�/Dn

.

�δDP � ∝ �δDv2�
�δDPn� ∝ Dζ2n

�an� ∝ Dζ2n−n

.

variance

�a2� ∝ Dζ4−2 ∼ D−0.8

flatness

F (D) = �a4�/�a2�2 ∝ Dζ8−2ζ4 ∼ D−0.4

13$#K*F#H,45"+G)$++

%  #FF"H"'#G)$,>=)'F"B,L#'*#$F",
%  '"+I)$+",GK",
%  -d&,)=,Q5F.5#G)$+,

%  K)1"H*$J,



volume !
average+

surface !
average+

Improved particle equation: non uniformity of flow at particle scale, "
Particle is moving in a spatially averaged field"

-+
Faxen corrected model"

Calzavarini et al. JFM (2009)"

Maxey, M. & Riley, J. 1983"
Gatignol, R. 1983"

Computationally efficient "
Spectral DNS + filtering in k space"
(gaussian kernel)"

-+
Faxen corrected model"

Calzavarini et al. JFM (2009)"



• Faxen corrections 
  Calzavarini et al., JFM 630 (2009) 

• Physalis code 
   Naso & Prosperetti, NJP 12 (2010) 

• Penalty method 
   Homann & Bec, JFM 651 (2010) 

• … 

modeling … 
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Orientations 
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Trajectory 

linear acceleration 



Angular velocity 

Angular acceleration 



Energy budget 

A"&@C8 $ $<&3" $ $@<9 ,,
7j,.'#$+ , ,_@@,k! , ,?@@,k!,
7j,'). , ,n@,k! , ,_^@,k!,

Energy budget 
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 Rayleigh Bénard convection   
,q;,D#+."5*H6,];,D*0"'.6,r;,92"<6,-;,]".W6,!&-6,%&'#$;.+#$D"91@#,>?@@`B,

Lag. temperature in Rayleigh-Bernard   
,q;,D#+."5*H6,];,D*0"'.6,r;,92"<6,-;,]".W6,!&-6,%&'#$;.+#$D"91@#,>?@@`B,



“plumes” in Rayleigh-Bernard   
,q;,D#+."5*H6,];,D*0"'.6,r;,92"<6,-;,]".W6,!&-6,%&'#$;.+#$D"91@#,>?@@`B,

“plumes” in Rayleigh-Bernard   
,q;,D#+."5*H6,];,D*0"'.6,r;,92"<6,-;,]".W6,!&-6,%&'#$;.+#$D"91@#,>?@@`B,
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